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Abstract

Consistent with experimental observations, a crack tip opening displacement (CTOD)-based, mixed mode fracture
criterion is developed for predicting the onset and direction of crack growth. The criterion postulates that crack

growth occurs in either Mode I or Mode II direction, depending upon whether the maximum in either the opening
or the shear component of CTOD, measured at a speci®ed distance behind the crack tip, attains a critical value.
The proposed CTOD-based fracture criterion is implemented in two ®nite element codes to predict the stable

tearing behavior of (a) a modi®ed Arcan test specimen made of AL 2024-T3 and (b) a double cantilever beam
(DCB) specimen made of AL 7050. Using the measured load-crack extension data as input, results from simulations
of stable crack growth along experimentally measured crack paths for the Arcan specimen demonstrate that the

CTOD values obtained in the simulations are in excellent agreement with the proposed criterion. Then, using the
CTOD criterion as input, simulations of the Arcan and DCB specimens demonstrate that the CTOD fracture
criterion successfully predicts (a) load-crack path data for both specimens, (b) load-crack extension behavior for the
Arcan specimen and (c) load-load point displacement data for the DCB specimen. 7 2000 Elsevier Science Ltd. All

rights reserved.

1. Introduction

Ductile fracture of metallic materials generally involves a stable crack growth process prior to the
occurrence of unstable crack propagation. Since stable crack growth requires an increasing applied load
for continued crack growth, the maximum load-carrying capacity of ductile materials may be
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signi®cantly larger than the loading required to initiate crack growth. Thus, conventional assessment
methods using the onset of crack extension for estimating the margin of safety for ¯awed components
manufactured from ductile materials are often overly conservative.

A variety of approaches have been proposed to characterize the stable crack propagation process. For
example, the J-Integral as a function of crack growth (J-R curve) has a long history of use as a crack
growth resistance curve based on the studies Hutchinson and Paris (1979), Paris et al. (1979), and the
others (e.g. Begley and Landes, 1972; Clarke et al., 1976). However, recent analytical and experimental
research has shown that: (a) Jc is a strong function of specimen geometry (Yang et al., 1993; Chao and
Sutton, 1994) and (b) the J-R curve is not a material property, varying with specimen geometry
(Hancock et al., 1993; Roose et al., 1993). In order to use laboratory experimental data to safely extend
the life of cracked structures, a material fracture parameter which can be used to characterize the stable
crack growth process must be developed.

Among the various fracture parameters that have been proposed over the years, crack tip opening
displacement (CTOD) has been shown to have potential in quantifying crack tip deformations during
stable crack growth. Early work by Well (1961), Rice and Sorensen (1978), Shih et al. (1979) and
Kanninen et al. (1979) for Mode I crack extension gave credence to the use of CTOD, or equivalently
for Mode I crack extension, crack tip opening angle (CTOA), as a plausible fracture parameter for
ductile materials. Computational studies of stable crack growth under Mode I loading were performed
by Newman (1977, 1984), Newman et al. (1992) to assess the viability of a CTOA-based fracture
criterion for numerical simulation. In addition, Dawicke and Sutton (1994) conducted a series of tests to
obtain the critical CTOA value for an aluminum-alloy (2024-T3). These tests were performed on M(T)
(middle crack tension) specimens using both optical microscopy and the two-dimensional digital image
correlation method (Han et al., 1994, 1995; Bruck et al., 1989; Sutton et al., 1988) to accurately measure
CTOA during stable crack growth. They found that the measured CTOA approached a constant value
after an initial amount of crack growth approximately equal to the specimen thickness. Dawicke et al.
(1995) then used the CTOA criterion in two-dimensional ®nite element analyses and successfully
predicted the crack-growth behavior of these test specimens.

The studies of CTOD-based fracture criterion mentioned above were con®ned to Mode I crack
extension along a ®xed direction which closely approximated the initial crack line. The previous work
does not answer the important questions, ``In what direction and at what loading will a stationary crack
or a stable growing crack propagate under mixed mode loading?'' Over the years, a variety of fracture
criteria have been proposed to answer these questions, including among others the maximum
circumferentical stress criterion (Erdogan and Sih, 1963), referred to as the MCS criterion, the
maximum energy release rate criterion (Palaniswamy and Knauss, 1978; Nuismer, 1975), the stationary
strain energy density criterion (Sih, 1974), and the JII=0 (Pawliska et al., 1993) and KII=0 (Cotterell
and Rice, 1980; Sumi et al., 1985) criteria. In many cases, the theories proposed have adequately
described the direction of crack growth for Mode I-type dominated fracture under mixed mode loading.
However, the experimental studies of Maccagno and Knott (1991), Maccagno and Knott (1992) show
that ductile fracture mechanism under mixed mode I/II load can be divided into two extremes of
behavior, i.e. microvoid coalescence and fast shear, respectively. They found that in fast shear fracture
of steel, the initial crack propagation is along the direction with maximum shear stress, and suggested
that maximum circumferential stress and shear stress may be the appropriate fracture parameters for
void coalescence-type fracture and shear-type fracture, respectively. Hallback and Nilson (1994) used
both the maximum circumferential stress and the maximum plastic strain to predict the two separate
fracture responses. More recently, Amstutz et al. (1995a), Amstutz et al. (1995b) have shown
experimentally that, for Arcan specimens under varying amounts of mixed mode loading, there is a
sharp transition of crack growth behavior from predominantly Mode I type to Mode II type. In Mode
II, the crack grows under conditions that are locally shear-type in the crack tip region with the crack tip
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opening displacement (CTOD) dominated by the shear component parallel to the crack line. Correlating
closely with the physical signi®cance of fracture mechanisms of mixed mode I/II, Sutton et al. (1997a)
recently proposed a fracture theory. This theory states that a crack loaded in Mode I will grow in the
direction of maximum stress triaxiality, and that a shear type fracture takes place in the direction of
maximum e�ective stress. It also states that the transition from Mode I type to Mode I type crack
growth occurs when a critical stress triaxiality is reached. However, these criteria do not predict the
conditions that are required for continued crack extension.

Some primitive studies have shown that the CTOD-based fracture criterion can predict the load-crack
extension response when crack propagation is forced to follow the experimentally observed crack growth
paths (Sutton et al., 1997b). In order to develop a CTOD based fracture criterion for general mixed
mode loading conditions, the authors have studied (Ma et al., 1998) the fundamental basis for the
CTOD fracture criterion under mixed mode loading through analysis of initial crack kinking along
arbitrary directions. The work has shown that, along the initial crack growth direction, in-plane crack
tip deformations and stresses are either nearly Mode I or Model II type. Furthermore, either the
opening or shear component of crack opening displacement (perpendicular or parallel to the kinked
crack direction, respectively), are a maximum during the initial increment of crack propagation. Using
this data, initial crack growth is predicted to occur in either locally Mode I or locally Mode II direction,
depending upon whether the opening or the shear component of CTOD measured at a speci®ed distance
behind the crack tip attains the critical value. Transition from Mode I-dominated initial crack growth to
Mode II-dominated initial crack growth is predicted to occur when the shear component of CTOD
reaches the critical CTOD value ®rst.

In this work, a mixed mode, CTOD-based fracture criterion for prediction of both initial kinking and
stable crack propagation is outlined and veri®ed through successful prediction of the experimentally
observed crack growth behavior for two specimens. The plan of the paper is as follows. First, the
generalized CTOD criteria is brie¯y described, along with results from elastic and small scale yielding
elastic-plastic analyses of kinked cracks, to demonstrate the underlying basis for the criterion. Secondly,
both the Arcan specimen and the DCB specimen are described, appropriate material properties are
provided and the availability of experimental observations during crack growth of both load-crack
extension and crack path is outlined. Thirdly, ®nite element analyses of crack propagtion along
experimentally observed crack paths for the Arcan specimen are used to provide additional con®rmation
of the CTOD-based fracture criterion. Fourthly, the CTOD-based criterion is implemented in the ®nite
element code FRANC2DL and the stable crack propagation behavior of both the Arcan and a double
cantilever beam (DCB) specimens is described and results are compared to experimental data. Finally, a
discussion and conclusions are provided.

2. Rationale for the CTOD-based mixed mode fracture criterion

Fig. 1(a,b) provide a graphical description of the de®nition of CTOD used in this work. Conceptually,
crack propagation is predicted to occur (a) when the magnitude of CTOD, de®ned as D, at a ®xed
distance behind the current crack tip reaches a critical value and (b) along the direction where CTOD is
a maximum. However, because of the relations between D and D (the crack tip opening displacement of
the original crack) and their components, the actual crack growth direction can be performed using D
and its direction only.

In this section, we will provide a rationale for the use of the CTOD criterion in predicting initial
crack kinking by (a) utilizing existing asymptotic solutions for a kinked crack and (b) outlining and
developing recent results from a modi®ed boundary-layer analysis for initial crack kinking under small
scale yield conditions.

M.A. Sutton et al. / International Journal of Solids and Structures 37 (2000) 3591±3618 3593



2.1. Linear elastic conditions

As shown in Fig. 1, the crack tip opening displacement for a kinked crack, D, de®ned as the relative
displacement of two opposite points on the upper and lower crack surfaces at a distance, rc, behind the
crack tip, can be written;

D �
���������������
d2I � d2II

q
� D0

���������������
k21 � k22

q
, �1�

dI � D0k1,

dII � D0k2 �2�
and

D0 �
�������
rc

2p

r
1� k
m

, �3�

Fig. 1. A geometrical representation of the relation between a main crack and a short kinked crack: (a) coordinate systems for the

main and kinked cracks, (b) de®nitions of crack tip opening displacements for the main and kinked cracks.
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where m=E/2(1+n ) is the shear modulus, E the Young's modulus, k=3ÿ4n in plane strain and
k=(3ÿn )/(1+n ) in plane stress, and n is Poisson's ratio. In the above, k1 and k2 are the stress intensity
factors of the kinked crack tip, which can be correlated to the stress intensity factors KI and KII for the
main crack in the limit as the length of the kinked crack a shrinks to zero (Nuismer, 1975; Cotterell and
Rice, 1980),

k1 � 1

2
cos

y0
2
�KI�1� cos y0� ÿ 3KII sin y0�

k2 � 1

2
cos

y0
2
�KI sin y0 � KII�3 cos y0 ÿ 1��

9>>=>>;: �4�

Thus, k1 and k2 depend on the kinking angle for given KI and KII.
By di�erentiating Eq. (1) and the expression for dI in Eq. (2) with respect to the kinking angle and

setting the derivatives equal to zero, it can be shown that the following transcendental equation
describes the critical angle for crack kinking under Mode I conditions

sin yc
I

3 cos yc
I ÿ 1

� ÿKII

KI

�5�

De®ning the energy release rate, G, in terms of D and using established expressions for the stress
distribution in the vicinity of the main crack for mixed mode I/II conditions (Sih and Liebowitz, 1968),
one can perform similar di�erential operations and show the following. When y0 � yc

I , quantities D, dI,
sy, k1 and G take their respective maximum values, while quantities dII, sry and k2 become zero. Thus,
under linear elastic and ®rst-order asymptotic conditions (that is, KI and KII completely describe the
crack tip stress and deformation ®elds), using the maximum in dI or D as a fracture parameter for the
prediction of crack growth is equivalent to using the maxima in commonly accepted fracture criteria
(e.g, sy, G, kI).

By di�erentiating the expression for dII in Eq. (2) with respect to the kinking angle and setting the
derivatives to zero, one obtains a second transcendental equation for the critical value of y0 � yc

II:

cos
yc

II

2

ÿ
3 cos yc

II ÿ 1
�

sin
yc

I

2

ÿ
9 cos yc

I � 5
� � KII

KI

�6�

Following a process that is similar to the one described above for Mode I conditions, one can show
that when y0 � yc

II, the quantities dII, sry and k2 are maxima and dI, sy and k1 nearly approach zero. In
this case, crack growth would occur in a direction that corresponds to Mode II conditions, where using
the maximum in dII as a fracture parameter for prediction of the direction of crack growth is equivalent
to using the maxima in commonly accepted fracture criteria (e.g, sry, KII).

Provided that crack growth occurs along directions corresponding to the maxima in key crack tip
variables, these results show that the crack tip opening displacement components, dI and dII, are viable
fracture parameters for predicting the onset of crack growth under mixed mode loading conditions.
Conceptually, the onset of crack growth can be assumed to occur in either the direction yc

I or yc
II,

depending on whether dI � dc
I or dII � dc

II is satis®ed ®rst. Here, dc
I and dc

II would be material parameters
determined from Mode I and Mode II fracture experiments, respectively.

The conclusions described above used features of the kinked crack tip ®elds. Referring to Fig. 1(a,b),
the following shows how the crack growth direction can be correlated with a local mode mixity
parameter de®ned in terms of the crack tip opening displacement D and its components for the main
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crack. Under linearly elastic conditions, the local and remote mode mixities, a and b, respectively, for
the main crack tip, can be de®ned as

a � arctan

�
DII

DI

�
and

b � arctan

�
KII

KI

�
: �7�

Under ®rst-order asymptotic conditions, it can be shown that a=b, since DI=Dcos a=D0KI, and
DII=D sin a=D0KII. Thus the direction of crack growth, given in Eqs. (5) and (6), under mode-I and
mode-II crack growth conditions, respectively, can be expressed in term of the local mode mixity a as;

(Mode I)

sin yc
I

3 cos yc
I ÿ 1

� ÿtan a

and

(Mode II)

cos
yc

II

2

ÿ
3 cos yc

II ÿ 1
�

sin
yc

II

2

ÿ
9 cos yc

II � 5
� � tan a: �8�

Furthermore, the maximum CTOD components (with respect to their dependence on the kinking
angle) for a kinked crack can be correlated to the crack tip opening displacement D for the main crack
using Eqs. (1)±(4):

dI � D

2
cos

yc
I

2

�
cos a

ÿ
1� cos yc

I

�ÿ 3 sin a sin yc
I

�
dII � D

2
cos

yc
II

2

�
cos a sin yc

II � sin a
ÿ
3 cos yc

II ÿ 1
��
9>>>=>>>;, �9�

where the dependence of yc
I and yc

II on a is given in Eq. (8). Fig. 2 presents a graphical description of the
relations between (dI)max, (dII)max and a for a range of values for a. Fig. 2 demonstrates that, for all
mode mixity values, the maximum value for dII is always smaller that the maximum value for dI. Thus,
crack propagation under linear elastic conditions is predicted to occur under only Mode I condition if
dc

I � dc
II:

As a ®nal note, Eqs. (8) and (9) indicate that (dI)max (if y0 � yc
I � and (dII)max (if y0 � yc

II� are explicit
functions of the crack tip opening displacement for the main crack, D, under linearly elastic and ®rst-
order asymptotic conditions. Thus, the attainment of a critical value for (dI)max, (dII)max corresponds to
a critical value for D. Hence, in this case, it is possible to use CTOD quantities at the main crack tip to
assess the direction and onset of crack propagation.
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2.2. Small scale yielding, elastic-plastic conditions

The small-scale yielding (SSY) model used in this work is shown in Fig. 3, where the focused crack-
tip mesh was used to predict the initial crack kinking direction. The ®nite element analyses in this
section were performed using the ®nite element code ZIP2DL (Deng and Newman, 1997a, 1997b). The
remote boundaries are subjected to imposed displacements corresponding to a plane stress modi®ed
boundary layer (MBL) formulation (Rice, 1974; Larsson and Carlsson, 1973)

ux �
�������
ra
2p

r "
KI

m
cos

y
2

�
kÿ 1

2
� sin2

y
2

�
� KII

m
sin

y
2

�
k� 1

2
� cos2

y
2

�#
� �1� K �Keffra

8m
�������
pra
p B cos y, �10a�

Fig. 2. Maximum values of the CTOD components, dI and dII, of the kinked crack, as functions of the local mode mixity a, under
linearly elastic conditions.

Fig. 3. A small-scale yielding crack-growth model and a typical ®nite element mesh for the model, where ra is the radius of the

remote boundary with a speci®ed displacement u.
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uy �
�������
ra
2p

r "
K1

m
sin

y
2

�
k� 1

2
ÿ cos2

y
2

�
ÿ KII

m
cos

y
2

�
kÿ 1

2
ÿ sin2y

2

�#
ÿ �3ÿ K �Keffra

8m
�������
pra
p B sin y: �10b�

where

B � T
�������
pra
p
Keff

and

Keff �
�������������������
K 2

I � K 2
II

q
: �11�

Since the objective of this analysis is to compare the magnitude and component values for CTOD for
all kinking angles at a given load, the ability to allow incremental crack growth along various directions
was required. For this reason, the focused mesh shown in Fig. 3 includes twelve elements from ÿ90< y0
< 908. To allow crack growth along each of the thirteen radial lines ahead of the main crack tip, each
angle y0 in the focused mesh includes a set of node pairs. The applied load is increased gradually until
the CTOD criterion is satis®ed and the computed CTOD value at a speci®ed distance behind the initial
crack tip attains a critical value of D=Dc. The crack is then extended along the direction y=y0 by one
element length by allowing the appropriate node pair to separate. This provides the mechanism for
determining the critical kinking direction y0=yc with the maximum magnitude of CTOD, the maximum
opening component of CTOD, or the maximum shearing component of CTOD.

The SSY numerical analyses were performed for B=ÿ1, 0, 1 and b=08, ÿ5.78, ÿ11.38, ÿ458, ÿ638,
ÿ848 and ÿ908. For consistency with forthcoming analyses on the Arcan test specimen, (a) all
components of CTOD were calculated at 0.962 mm behind the crack tip, (b) material properties in the
SSY model are those of 2024-T3 aluminum, (c) the critical CTOD values are Dc=0.089 mm (which
corresponds to Dc=0.0962 mm at 1 mm behind crack tip) based on the extensive experimental data of
Amstutz et al., and (d) each incremental crack growth step was 0.192 mm.

Fig. 4(a) presents the predicted initial crack kinking direction (assuming dc
I � dc

II� as a function of
mode mixity, a, using both linear elastic and SSY analyses. Note that symmetry about the origin can be
used to generate the yc±a relation for 0 < a< 908. The experimental data are for the Arcan specimens,
and the conversion between the Arcan test loading angle F (see Fig. 6) and the crack tip local mixity a
is shown in Fig. 4(b). It can be seen from Fig. 4(a) that the e�ects of T-stress on the predicted initial
crack direction are quite small, suggesting that the CTOD criterion is not sensitive to specimen size and
geometry based on the SSY and modi®ed boundary layer (MBL) formulation analyses. Also, the CTOD
criterion predicts a transition of initial crack kinking mode from Mode I to Mode II as mode mixity
varies from Mode I values to Mode II values. As shown in Fig. 4, this prediction is consistent with
recent experimental evidence of Amstutz et al. for a 2024-T3 aluminum specimen, where a transition in
fracture mode was observed during initial crack kinking for |a| 3 708. Finally, it is noted that the linear
elastic prediction has the correct trends for predicting the initial kinking direction during Mode I crack
growth, but it is not capable of predicting the transition to Mode II type crack growth.

To obtain the data shown in Fig. 4, several crack kinking analyses were required to determine the
direction and onset of initial crack growth. This process is computationally intensive and would be
virtually unusable in solving more complex problems. However, as shown in Eq. (9), it is possible to
develop a direct relationship between CTOD at the kinked crack tip and the main crack tip, similar to
what was analytically demonstrated for the elastic case.

To obtain the relationship, the dependence (shown in Fig. 4) of the crack growth direction, yc (in
degrees), on the mode mixity, a (in radians), can be expressed in the following empirical expressions,
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yc � yc
I � a1 arctan�b1a� for jaj < ac

yc � yc
II � a2 cos�b2a� ajaj for jajrac

9>=>;, �12�

where ac is regarded as the critical local mixity for the transition of Mode I type fracture to Mode II
type fracture and a1, b1, a2 and b2 are the ®tting parameters. For 2024-T3 aluminum, the parameters

Fig. 4. The crack growth direction yc as a function of the local mode mixity a, predicted under both linearly elastic and modi®ed

small-scale yielding conditions, and compared with the Arcan test results.
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involved in Eq. (12) between the crack growth direction, yc, and local mixity, a, are

ac � 708 � 1:222 rad,
a1 � ÿ36:5,b1 � 2:2,
a2 � 57:3,b2 � 1:0:

9=;: �13�

Next, detailed ®nite element analyses of crack kinking from a main crack conclusively demonstrate
that (a) when the local mode mixity for the main crack |a| R 708, the maximum opening component
(dI)max is larger than the maximum shearing component (dII)max, and (b) for |a| > 708, the maximum
shearing component is (dII)max larger than the maximum opening component, (dI)max. Fig. 5 presents the
ratio of (dI)max and/or (dII)max to the CTOD value, D, for the main crack as a function of mode mixity
for the main crack, a. Since Fig. 5 clearly shows that, from (dI)max/D=(dII)max/D=dc/D, the attainment
of a critical value dc for the kinked crack is equivalent to the total CTOD for the main crack attaining a
critical value, i.e. D=Dc. Thus, the main crack provides su�cient information for predicting crack
growth under mixed mode loading, with the local mode mixity at the main crack tip, a, determining
crack growth direction by Eq. (12) and the magnitude of the CTOD value, D, determining the onset of
continued crack growth.

In summary, the CTOD criterion has a solid foundation, being directly related to key fracture
mechanics parameters. Furthermore, the CTOD criterion has been shown to predict the initial crack
kinking behavior under both elastic and small scale yielding conditions. However, as with any concept,
the assessment of its applicability in predicting both initiation and stable crack growth for a wide range
of materials and specimen geometry requires direct comparison between experimental observations and
theoretical predictions. Due to the expense of large test programs, it has oftentimes been true that the
database required for meaningful comparisons is quite limited. Fortunately, recent programs directed
towards improving the safety of aerospace travel have included extensive experimental testing for
assessing the accuracy of advanced structural models. In particular, a sizable experimental database now
exists from testing of Arcan and DCB specimens.

Fig. 5. The maximum crack tip opening displacement component dmax of the kinked crack relative to the crack tip opening displa-

cement D of the main crack, as a function of the local mode mixity a.
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3. Experimental background

The Arcan specimen and test ®xture are shown in Fig. 6. Originally used for testing of composite
specimens by Arcan et al. (1978), the ®xture was modi®ed by Amstutz et al. (1995a, 1995b) for stable
tearing tests. In particular, increasing the number of bolts and adding hardened drill rod inserts sti�ened
the specimen-®xture connection. The 15-5PH stainless-steel test ®xture is nominally 19 mm thick and
was machined to test 2.3 mm thick specimens. The locations of pinholes on the outer edge of the ®xture
provide a range of loading angles, F, which results in a full spectrum of mode mixities. The test
specimens were machined from 2024-T3 aluminum plates, with a ®xed crack length, a, to width, w, ratio
of a/w=0.167.

The material properties for 15-5PH stainless steel are Young's modulus, E=207 GPa, Poisson's ratio,
n=0.3 and sy =1.72 GPa. For 2024-T3 aluminum, E = 71.2 GPa, n=0.3 and sy =344.5 MPa. The
strain hardening curves for 15-5PH and 2024-T3 aluminum are shown in Fig. 7 in terms of the e�ective
plastic ¯ow stress and the e�ective plastic strain.

The stable tearing tests for the Arcan test specimen resulted in a wide range of crack growth data for
all loading angles, F. Speci®cally, the database includes measurements of (a) D, DI and DII, (b) load-

Fig. 6. A schematic of (a) the modi®ed Arcan ®xture and (b) the Arcan specimen.

M.A. Sutton et al. / International Journal of Solids and Structures 37 (2000) 3591±3618 3601



crack extension and (c) load-crack path. The range of data available provides the opportunity to
perform additional simulations for assessing the robustness of the CTOD criterion.

Recently, Pettit (1998) performed a series of crack tearing experiments on DCB specimen made from
7050 aluminum. The DCB specimen is shown in Fig. 8. The test specimens are 2.34 mm thick and are
machined from 7050 aluminum plate, with in-plane dimensions a/w varying from 0.171 to 0.545. The
material properties for 7050 aluminum are E = 73.7 GPa, n=0.3 and sy=448 MPa. The strain-
hardening curve is shown in Fig. 7 in terms of the e�ective plastic ¯ow stress and the e�ective plastic
strain. The database generated by the DCB stable tearing tests includes measurements of (a) load-load
point displacement and (b) load-crack path throughout the crack growth process for all a/w values.

4. Numerical simulation of crack growth using the CTOD criterion

A series of simulations will be performed in this paper. First, crack growth along measured crack

Fig. 7. Strain hardening curves for 15-5PH stainless steel, 2024-T3 aluminum, and 7050 aluminum.

Fig. 8. The geometry, size, and ®nite element mesh of a DCB specimen.
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paths in the Arcan specimen will be performed to con®rm that crack growth throughout the total crack
propagation process is always under either Mode I or Mode II conditions. Secondly, both the direction
and onset of crack growth will be predicted for both the Arcan and the DCB specimens using only the
CTOD-based fracture criterion. Direct comparisons of the measured and predicted load-crack extension
data, load-crack path data and load-load point displacement will be presented.

4.1. Crack growth simulations for Arcan specimen with speci®ed crack path

The primary objective of these analyses is to generalize the elastic and SSY elastic-plastic results. In
particular, the ®nite element simulations of crack growth along the experimentally observed crack
growth paths demonstrates that crack propagation occurs under either Mode I or Mode II conditions
throughout the entire crack growth history, with the satisfaction of D=Dc accurately predicting the
onset and direction of crack growth under mixed mode conditions.

Using the experimentally measured crack propagation paths of Amstutz et al. (1995a, 1995b), as
shown in Fig. 9 for di�erent loading angles, F, a series of ®nite element models similar to the one
shown in Fig. 10 were generated for input to ZIP2DL. The test specimen and ®xture are modeled as a
single, continuous component in both simulations. For crack propagation along experimentally observed
crack paths, a typical mesh used in ZIP2DL for F=458 is composed of 2,700 four-node quadrilateral,
plane stress elements; 2,000 elements are used in the specimen region and 700 elements in the ®xture
region. Smaller elements, on the order of 0.192 mm, are distributed along the measured crack-growth
path. Load is applied at the appropriate angle by locating a nodal point at the correct angle and
position in the mesh.

Crack growth was controlled using the measured load-crack extension data of Amstutz et al, with
crack growth increments of 0.192 mm throughout the crack growth process. The applied load is
incrementally increased until the CTOD at a distance rc=0.96 mm behind the crack tip attains the
experimentally observed averaged value, 0.089 mm. The crack tip node pair is released and equilibrium
with a new crack length is iteratively computed. The details of the numerics used in the crack growth
process for ZIP2DL are outlined by Deng and Newman (1997b). This process continues until the
desired crack extension is obtained. During the crack growth process, dI and dII are calculated at each
step of crack growth at 0.96 mm behind the current crack tip.

Fig. 11 shows dI and dII as a function of crack growth for F=08, 158, 458, 758 and 908. Throughout
the crack growth process, it is observed that (a) dI is dominant for F< 758 (dI 3 0.085 mm and dII=0
except during the initial stages of crack propagation), indicating a mode I type of crack growth, and (b)
dII is dominant for Fr758 (dII 3 0.080 mm F=758 and dII 3 0.090 mm for F=908), indicating a mode
II type of crack growth. The results are in excellent agreement with experimental observations of
Amstutz et al. (1995a), Amstutz et al. (1995b), where the average measured CTOD value was 0.089 mm
and the measured local CTOD values were either Mode I or Mode II during crack growth. These results
demonstrate that crack growth occurs under either local Mode I or local Mode II conditions, implying
that dI and dII are appropriate crack growth parameters. Since dI and dII can be related to DI and DII

for the main crack, e�cient implementation of the CTOD fracture criterion will employ main crack
values to eliminate the requirement for multiple crack kinking analyses for prediction of the crack
growth direction.

4.2. Crack growth simulations without speci®ed paths

4.2.1. Finite element models and fracture criterion
Using the observation that DI, DII and D values obtained from the main crack at any load can be

used to predict both the direction and onset of crack growth, the CTOD based mixed mode fracture

M.A. Sutton et al. / International Journal of Solids and Structures 37 (2000) 3591±3618 3603



criterion is relatively easy to implement in conventional ®nite element algorithms. Thus, CTOD and its
components at a distance rc behind the current crack tip can be obtained from the di�erence in the
displacement vectors for corresponding points on the upper and lower surfaces of the crack at each step
of increasing loading. (In this work, rc is an integral multiple of the near-crack-tip uniform element size.)
At the Nth nodal pair behind crack tip node, one has:

D1 � uy�Nth nodal pair�� ÿ uy�Nth nodal pairÿ�, �14a�

DII � ux�Nth nodal pair�� ÿ ux�Nth nodal pairÿ�, �14b�

D �
������������������
D2

I �D2
II

q
and

Fig. 9. Experimentally observed crack growth paths in Arcan specimens for a spectrum of mixed mode loading angles.
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a � arctan
DII

DI

: �14c�

where subscript `+' and `ÿ' means the nodal pair point is located on the upper and lower surfaces of
the crack, respectively. Using Eqs. (12), (13) and (14), the onset and direction of crack growth can be
determined under general, mixed-mode loading conditions.

To predict the crack growth behavior, including crack path and loading response, the CTOD mixed
mode fracture criterion described above is implemented in the ®nite element code, FRANC2DL
(Swenson and James, 1997; James and Swenson, 1998). In FRANC2DL, when the fracture criterion is
satis®ed, automatic re-meshing algorithms extend the crack in the predicted direction, and automatic
mapping algorithms transfer state variables from the old mesh to the new one. In this manner, crack
propagation can be simulated in arbitrary directions, as speci®ed by the CTOD fracture criterion.
Details of the numerical analysis procedure used in the crack growth process for FRANC2DL are
outlined in references cited above.

In the crack growth simulations, six-node triangular elements are used for both the Arcan and DCB
specimens. Fig. 12 presents the local meshes in the crack tip region for the Arcan specimens, with the
smallest element size of 0.5 mm along the crack front. Extensive numerical simulations using the CTOD
criterion for crack growth in aluminum material has shown that the near-tip mesh size is appropriate
(see Newman et al., 1992). These meshes are used to predict crack propagation for a variety of loading
angles. When the CTOD value at the second node behind crack tip (which is at a distance of 1 mm)
attains a critical value, the fracture criterion predicts the crack growth direction yc, and the crack is
extended by two elements (1 mm). Re-meshing is performed automatically and equilibrium is re-
established after the crack advances. The process is repeated throughout the crack propagation process
until the desired crack propagation length is achieved. Fig. 12(a) shows the initial mesh used in all
simulations and Fig. 12(b±d) the meshes generated by FRANC2DL during the crack propagation
process for Arcan-specimens with F=08, 458 and 758.

The ®nite element mesh for a DCB specimen with a/w = 0.423 is plotted in Fig. 8. This mesh has a
total of 2271 six-node triangular plane stress elements.

Fig. 10. A typical ®nite element mesh for an Arcan-specimen, used for a crack growth analysis with a speci®ed crack growth path

obtained from an Arcan test.
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Fig. 11. Computed values of the CTOD components dI and dII during crack growths along experimentally observed crack growth

paths for various loading angles: (a) F=08, (b) F=158, (c) F=458, (d) F=758 and (e) F=908.
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4.2.2. Crack growth simulations for the Arcan specimen without speci®ed paths
Using only the CTOD-based mixed mode fracture criterion, detailed ®nite element simulations are

performed to predict both load-crack extension and load-crack path histories during the entire crack
propagation process for 08 R F R 908. During crack propagation, the predicted load-crack extension
data and the load-crack path data are computed for all loading angles. Figs. 13 and 14 present
comparisons of the experimentally measured and predicted load-crack path and load-crack extension
data, respectively, for all loading angles. Results in Fig. 13 demonstrate that crack growth path
predictions using a CTOD-based mixed mode fracture criterion are in good agreement with
experimental observations throughout the crack propagation process, except at the early stages of crack
growth at the transitional loading angle, F=758. Experimental observations indicate that the crack
propagation angle is about 158 during the ®rst 2±3 mm of crack extension, turning to approximately
ÿ118 for the remainder of the crack propagation process. The simulation predicts crack propagation
along a radial line from initial crack tip at an angle of approximately ÿ138 throughout the crack growth
process, which is in excellent agreement with experimental observations for Da>3 mm.

To assess the viability of other crack growth criteria, we cite the recent work by James and Swenson
(1998), who used the maximum circumferential stress (MCS) criterion (e.g. see Lee et al., 1997) to
predict mode-I dominated ductile crack growth directions under mixed loading conditions. In their
simulations, the crack growth direction was predicted using the MCS criterion, and the onset of crack
growth was determined using the CTOD criterion, i.e. D=Dc. As shown in Fig. 13(a±c) by the dashed

Fig. 12. Near-crack-tip ®nite element meshes used for crack growth simulations of the Arcan tests without speci®ed crack paths:

(a) the initial mesh used in all cases, (b±d) the mesh generated by FRANC2DL during crack growth for F=08, 458 and 758, re-
spectively.
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Fig. 13. Predicted and measured crack growth paths for the Arcan tests for (a) F=08, (b) F=158, (c) F=458, (d) F=758 and (e)

F=908. The MCS criterion predictions in (a±c) are from James and Swenson (1998).
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Fig. 14. Predicted and measured load-crack extension curves for the Arcan tests for (a) F=08, (b) F=158, (c) F=458, (d) F=758
and (e) F=908. The MCS criterion predictions in (a±c) are from James and Swenson (1998).
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line, when crack growth is dominated by Mode I conditions (for F=08, 158, 458), the predicted crack
growth path is in good agreement with the actual crack path. However, the MCS direction criterion
cannot predict experimentally observed crack growth direction under dominant Mode II conditions (for
F r 758, 908) (see Ma et al., 1998). For example, the maximum circumferential stress occurs in the
direction of nearly 708 for pure Mode II loading, while the experimentally observed crack growth
direction is in its original direction. Furthermore, the MCS criterion requires a much more re®ned near-
tip mesh under elastic-plastic conditions and is much more sensitive to the choice of computational
parameters (e.g., the near-tip mesh size and the ®xed distance rc for evaluating the angular variations of
the near-tip stress ®eld) than the CTOD criterion.

As shown in Fig. 14, the CTOD-based crack growth criterion leads to overall satisfactory predictions
for the load-crack extension curve for the spectrum of mixed mode cases. For Fr 758, it is observed
that the predictions consistently underestimate the test results. One explanation for this under-prediction
for Fr758 is as follows. For Fr758, the crack grows under mode II conditions, with contact occurring
all along the fracture surface. Since friction between the crack surfaces increases with crack propagation,
an increase in the maximum load is expected. Thus, the numerical simulation should under-predict the
maximum load since it does not consider the e�ect of the friction.

Also shown in Fig. 14(a±c) are the combined MCS-CTOD simulations by James and Swenson (1998)
for Mode I dominated crack growth cases (F=08, 158, 458). It is seen that the predictions of the
combined MCS-CTOD criterion are nearly identical to the predictions of the mixed-mode CTOD
criterion. In fact, this is not surprising because both criteria use CTOD to predict the onset of crack
extension, and because, under mode-I dominated conditions, the maximum circumferential stress
direction overlays with the direction in which the maximum opening component of CTOD takes place.

4.2.3. DCB crack growth simulations without speci®ed path
Mode I crack growth in DCB specimens is known to have an instability problem, in that the crack

growth path is rarely along the expected straight line in the original crack direction. Depending on the
particular built-in asymmetry in either the specimen geometry or the loading application, the crack
growth path in a DCB test usually will curve away from the straight line either from one side or from
the other. Without knowing the details of the built-in asymmetry, it is impossible to predict whether the
crack will deviate from the straight line one way or another. Hence, this is a mathematical bifurcation
problem.

In this study, the DCB crack growth tests conducted by Pettit (1998) are simulated without the
speci®ed crack growth paths. In order for the CTOD criterion to predict the curved crack growth
direction, some details of the actual crack-surface geometry of the DCB specimen are modeled in the
®nite element mesh in Fig. 8, which provides a built-in geometrical asymmetry.

As noted in Section 3, neither the critical CTOD value nor the load-crack extension data were
measured during stable tearing of the DCB specimens. However, under the assumption that the CTOD
criterion is an appropriate crack growth criterion for this material, the measured load-load point
displacement curve and the crack growth path for a particular specimen are used in this study to
estimate the critical CTOD value, Dc, for the material. Then the estimated critical CTOD value is used
for all later predictions for this and other specimens made of the same material. The procedure used to
estimate Dc is as follows.

The results in Section 2 show that for small |a|(<108), the yc0a relationship predicted by elastic and
elastic-plastic analyses are nearly identical. Furthermore, as shown in Eq. (8), the elastic results are
independent of material properties. Thus, it is expected that the yc0a relation will depend only weakly
on material properties for naturally growing cracks when the mode mixity is dominantly mode I (|a| <
108). Using the yc0a relation for 2024-T3 aluminum (a1=ÿ36.5, b1=2.2) and assuming a value for Dc,
a ®nite element model similar to the one shown in Fig. 8 is employed with the FRANC2DL code to
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simulate the crack growth process for a/w= 0.171. By comparing the measured and predicted load-load
point displacement curves and the crack growth paths, a critical Dc value with the best overall ®t can be
chosen.

Using the procedure described above, the DCB specimen with a/w = 0.171 is used to derive the
critical CTOD value. As shown in Fig. 15 for the load-load point displacement (de¯ection) curve, and in
Fig. 16 for the crack growth path, a best overall ®t is found when Dc 3 0.1143 mm. It is noted that
experimental measurements A and B in Fig. 16 refer to the crack growth paths measured from the two
surfaces of the same DCB specimen. The best overall ®t with experimental result is based on the average
of the two surface measurements. It is also observed from Fig. 16 that the three predicted crack growth
paths curve up on the same side of the original crack line and all can basically follow the measured
crack growth trend. The predicted load-crack extension curves for this specimen using the three Dc

values are given in Fig. 17. However no test data is available for comparison.
To examine whether the chosen Dc value of 0.1143 mm can be used to produce reasonable predictions

for other DCB specimens made of the same material, it is now used in ®nite element simulations of the
crack growth tests in DCB specimens with a/w= 0.423 and 0.545. The results are presented in Figs. 18
and 19, where comparisons of the measured and predicted crack growth paths and load-load point
displacement curves are shown, respectively. The predicted load-crack extension curves for both
specimens are given in Fig. 20. The comparison of the measured and predicted crack paths in Fig. 18
shows that the CTOD criterion does a good job in predicting the rapid changes in the observed crack
growth direction, with only slightly less curvature than what was measured. Furthermore, as shown in
Fig. 19, the predicted load-load point displacement curve is in excellent agreement with the measured
response.

5. Discussion of results

There are several important items to be discussed in more detail in this section, some of which

Fig. 15. Predicted and measured load-load-line displacement curves for a DCB specimen with a/w=0171.
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are general in context and others speci®c to the results described above. In the following
paragraphs, speci®c issues are discussed ®rst and general remarks are provided towards the end of
the discussion.

5.1. Speci®c remarks

First, both experimentally measured CTOD data and computer simulations for the Arcan specimen

Fig. 16. Predicted and measured crack growth paths for a DCB specimen with a/w=0.171.

Fig. 17. The predicted load-crack extension curves for a DCB specimen with a/w=0.171.
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(using load-crack extension data to extend the crack along pre-speci®ed crack paths) indicate that crack
growth occurs under either locally Mode I or locally Mode II conditions. The mode of fracture which
occurs depends upon whether the tensile or shear component of CTOD ®rst attains a critical value, as is
shown clearly by the change in crack path with loading angle in Fig. 9 and the predicted CTOD values
during crack growth shown in Fig. 11(a±d). Based on these results, the CTOD-based mixed mode
fracture criterion appears to be appropriate for numerical simulations.

The CTOD-based criterion was used to predict crack growth behavior, including crack growth path,

Figs. 18. Predicted and measured crack growth paths for DCB specimens with (a) a/w=0.404 and (b) a/w=0.545, where the pre-

dictions are obtained using a critical CTOD of 0.1016 mm.
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load-crack growth response and load-load line displacement. Results clearly show that predictions for
both the Arcan-specimen and DCB are in good agreement with experimental data. Since the fracture
parameter is expected to be a material property, the CTOD criterion developed for 2024-T3 aluminum
using the Arcan specimen data can be used for predicting crack growth for other specimen geometry. In
fact, we have performed a range of crack growth simulations for both middle crack tension specimens
and compact tension specimens machined from 2.3 mm thick, 2024-T3 aluminum. Results similar to

Figs. 19. Predicted and measured load-load-line displacement curves for DCB specimens with (a) a/w=0.404 and (b) a/w=0.545,

where the predictions are obtained using a critical CTOD of 0.1016 mm.
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those shown in Figs. 12 and 13 for F R 608 were obtained for both specimens, with propagation
occurring under locally Mode I conditions throughout the crack growth process.

For the DCB specimen reported in Section 4.2.2, due to the lack of a measured critical CTOD, the
measured load-load point displacement curve and crack growth path for a particular DCB specimen
were used to estimate the critical CTOD value, Dc, under the assumption that the CTOD criterion is an
appropriate crack growth criterion for this material. By matching the measured and predicted load-load
point displacement curves and also considering the prediction for the crack growth path, an estimate for
Dc was determined and used for later predictions for this and other DCB specimens made of the same
material. The estimated critical value of CTOD for Al 7050 is approximately on the order of that
obtained for Al-2024-T3, with both specimens nominally in the LT orientation (crack initially
perpendicular to the rolling direction). Since Al 7050 has a 20% higher yield stress than Al-2024-T3, but
nearly elastic-perfectly plastic behavior after yield, the comparison is quite reasonable.

With regard to the crack growth paths shown in Figs. 16 and 18 for the DCB specimen,
recent experimental observations of Pettit (1998) suggest that the fracture behavior of Al 7050 is
highly anisotropic with �K TL

IC =K
LT
IC :�10:60 for Al-7050, which would imply that �dTL

IC =d
LT
IC :�10:60:

Since our simulations used dIC=constant for all angles, it is expected that the predicted crack paths
would have less curvature than the actual crack growth paths; this is precisely what is shown in Figs. 16
and 18.

5.2. General remarks

The crack tip opening displacement based mixed mode fracture criterion takes the crack opening
displacement at a characteristic distance, rc, behind the crack tip as fracture parameter. The parameter is
somewhat di�erent from previous de®nitions (e.g. see Shih, 1981; Tracey, 1976) of crack tip opening
displacement, dt. These de®nitions demonstrate that dt is equivalent to the J-integral for stationary
¯aws. The characteristic distance used in this work is about 1 mm, which is based on experimental data
obtained for 2024-T3 aluminum. The distance appears to be an important factor in using the CTOD

Fig. 20. The predicted load-crack extension curves for DCB specimens with a/w=0.404 and a/w=0.545.
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criterion for predicting the onset and direction of crack growth. If the distance is too small, the crack
opening displacement does not scale the deformations in the crack tip region, which determines the
onset and continuation of crack growth. On the other hand, if the distance is too large, the crack
opening displacement will include contributions of deformations in the remote ®eld. Thus, the crack
opening displacement must be measured at a characteristic distance for describing onset and direction of
crack growth, which is most likely material dependent.

The CTOD-based fracture criterion can be extended to include the e�ects of anisotropic material
fracture behavior (e.g. Al 7050) simply by including a functional form for the critical CTOD that varies
with direction. The functional form can be determined experimentally through a series of mixed mode
tests. The specimens to be tested would have ¯aws at an initial angle to the material directions, and the
e�ects of material direction on critical CTOD would be measured during crack growth using full-®eld
methods such as digital image correlation used by Amstutz et al. to quantify both components of critical
CTOD during crack growth.

Much of the experimental work involving CTOD and mixed mode fracture has focused on thin sheet
material. For example, Dawicke and Sutton (1994) and Amstutz et al. (1995a, 1995b) have shown that
the crack front attains a stable shape and CTOD is essentially constant for crack growth greater than
the specimen thickness. Thus, plane stress crack growth simulations were used successfully in all of the
analyses presented in this work. With regard to the use of a CTOD criterion for predicting stable crack
growth in thick structural components, if the critical CTOD is truly a material parameter, then the
e�ects of specimen geometry would primarily a�ect the `driving force' and the CTOD's extension for
use in three-dimensional simulations is plausible. In this regard, recent work by Lloyd and Piascik
(1995) has shown that the critical CTOD during locally Mode I crack growth is nearly constant through
the thickness of the specimen for crack growth greater than the specimen thickness. During the very
earliest stages of crack growth, CTOD remained constant throughout the interior of the specimen, with
an apparent rise in CTOD occurring very near the specimen surface. Though suggestive, it is clear that
additional experimental and computational work will be required to determine the generality of the
criterion.

For those through-thickness ¯aws where plane stress does not adequately describe crack tip constraint
during stable crack growth, it is possible to approximate the mixed state-of-stress in the crack tip region
through use of a `plane strain core' (see Newman, 1977, 1984) or full three-dimensional analyses (see
Newman et al., 1992). To implement the `plane strain core' in a two-dimensional analysis, plane strain is
assumed in a region immediately surrounding the crack tip whereas plane stress is held outside this
near-tip region. Since high stress triaxiality occurs in the crack tip region, at least around the mid-
section of a planar crack front for locally Mode I conditions, enhanced void growth and coalescence in
the crack tip region would be expected to occur. Thus, the load-carrying capacity of material in crack
tip region will decrease with increasing loading since attainment of a critical CTOD value would be
easier in the increasingly-damaged material. Thus, incorporating crack tip constraint (e.g. plane strain
core, 3D models) and damage concepts into the FEM analyses should provide the basis for extending
the range of applications for the CTOD-based criterion. For example, predictions based on these models
would most likely improve the predictions of (a) maximum load in Figs. 14 and 19 by reducing the
load-carrying capability as damage occurs in the crack-tip region and (b) initial crack path in Fig. 13 at
the transition angle, where the e�ects of constraint are most likely important.
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